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The Kadomtsev-Petviashvili (KP) hierarchy (see [H[2] references therein) is one of the most famous 
integrable systems, which has many important applications in theoretical physics and mathematics, 
such as 2d quantum gravity [3HH] and infinite - dimensional Lie algebras [HE]- The constrained KP 
(cKP) hierarchy [8HlO|. developed from the point of view of symmetry constraint, can be viewed as an 



1. Introduction 



important reduction of the KP hierarchy, which includes many well-known integrable systems, such 
. as the AKNS hierarchy, the Yajima-Oikawa hierarchy and many others [8H10]. 



The gauge transformation |llU12j is an efficient method to solve the KP hierarchy, which in fact 
reflects the intrinsic integrability of the KP hierarchy. Chau et al [11] introduce two types of elementary 
gauge transformation operators: the differential type Td and the integral type Tj. By now, the gauge 
transformations of many integrable hierarchies related to KP hierarchy have been derived, for example, 
the cKP hierarchy [12rH6] . the constrained BKP and CKP hierarchy [17] (cBKP and cCKP), the 
discrete KP hierarchy [18,19j, the g-KP hierarchy |20U21j and so on. The additional symmetry |22H32j 
is a kind of symmetry depending explicitly on the space and time variables, involved in so-called 
string equation and the generalized Virasoro constraints in matrix models of the 2d quantum gravity 
(see [2J[33] and references therein). The corresponding additional symmetry for the cKP hierarchy is 
constructed in |34H36j by an appropriate modification of the standard additional symmetry flows by 
adding a set of "ghost" symmetry flows. So it is an interesting problem to show the compatibility 
between the gauge transformation and the additional symmetry of the cKP hierarchy, in order to show 
a new inner consistency of the integrable hierarchy. 



* Corresponding author. Email: hejingsong@nbu.edu.cn. Tel: 86-574-87600739. 
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In this paper, we mainly restrict to the integral type gauge transformation Tj, and show that the 
additional symmetry flows for the cKP hierarchy commute with the integral type gauge transforma- 
tions preserving the form of cKP , up to shifting of the corresponding additional flows by ordinary 
time flows, which reflects one of the intrinsic consistences for the cKP hierarchy: the compatibility 
between the integral type gauge transformations and the additional symmetries. Further, upon the 
basis of this result, the string-equation constraint in matrix models is also derived. 

This paper is organized in the following way. In Section 2, we recall some background on the 
KP hierarchy. Then the integral type gauge transformation and the additional symmetry for the cKP 
hierarchy are reviewed in Section 3 and Section 4 respectively. In Section 5, we study the compatibility 
of the integral type gauge transformation and the additional symmetry for the cKP hierarchy. At last, 
some conclusions and discussions are given in section 6. 

2. Background on the KP Hierarchy 

The KP hierarchy (see [TJE] references therein) is defined as the following Lax equation: 

dL 

— = [B n ,L], B n = (L n ) + , n = 1,2,3,- •• (1) 
with the Lax operator given by 

L = d + u 2 d- 1 + u 3 d- 2 + --- , (2) 

where d = coefficient functions Ui are all the functions of the time variables t = (t\ = x, t2,t 3 , ■ ■ ■ ), 
and (^4)± denote the differential part and the integral part of the pseudo-differential operator A, 
respectively. 

One can also represent the Lax operator in terms of a dressing operator W: 

OO 

L = WdW~\ W = 1 + ^2wjd~ j , (3) 

i=i 

and then the Lax equation (pQ) is equivalent to the Sato's equation: 

dW 

Wn = -W-W. (4) 
Define next the Baker-Akhiezer (BA) function by: 

oo 

,/,(*, A) = W{e^) = w(t,X)e^; w(t, A) = 1 + ^ w i (t)X~ i , (5) 

i=l 

where 

oo 

£(t,\) = Y,tn\ n . (6) 

i=l 

Accordingly, there is also an adjoint BA function: 

oo 

iP*(t,\) = W*~ 1 (e~^ x) ) = w*(t,X)e-^ x) ; w*(t,X) = 1 + w*(t)\-\ (7) 



i=l 



Then the Lax equation ([T]) can be regarded as the compatibility conditions for the following system: 

Lm, a)) = a), = B n m, 

L*(P(t, A)) = \p(t, A), A) = -B*(p(t, A)). (8) 

Here for any (pseudo-) differential operator A and a function /, the symbol A{f) will indicate the 
action of A on /, whereas the symbol Af will denote just operator product of A and /, and * stands 
for the conjugate operation: (AB)* = B*A*, d* = —d, f* = f. 

The whole KP hierarchy can be characterized by a single function r(t) called r-function such that 

i»(t,A) = Ifidp, (9) 

= I^tp, (!„) 

where [A -1 ] = (A -1 , ^A~ 2 , • • • ). This implies that all dynamical variables Uj in the Lax operator L 
can be expressed by r-function, which is an essential character of the KP hierarchy.. 
If the functions q(t) and r(t) satisfy 

tH- (<!) ' wr~ K{r) - 

then we call them the eigenfunction and the adjoint eigenfunction respectively. 

The cKP hierarchy [10] is defined by restricting the Lax operator of the ordinary KP hierarchy (TT]) 
in the following form: 

m 

L = d + J2l l d- 1 r i , (12) 

i=l 

where qi and v% are the eigenfunction and adjoint eigenfunction respectively. 

3. The integral type gauge transformation of the cKP hierarchy 

Let ZA°) be the Lax operator of the KP hierarchy ([1]), and T be a pseduo-differential operator. If 
the transformation 

L (l) = TL^T- 1 (13) 

such that 

^ = [^ 1 U (1) ], BW = (LW)l, n = 1,2,3,- (14) 

still holds for transformed Lax operator then T is called the gauge transformation operator of 
the KP hierarchy. 

Chau et al |llj proved there are the following two kinds of the gauge transformation operators: 

Type I: T D { X ) = X 0x~\ (15) 
Type II : !>(//) = ^^"V, (16) 
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where x an d ^ are the eigenfunction and adjoint eigenfunction respectively. The type I transformation 
is called the differential type, while the type II is called the integral type. In this paper, we mainly 
study the second one, that is, the integral type. 

The gauge transformation of the cKP hierarchy is investigated in |12H14|, [T6] . Here we only review 
some results about the integral type. Assume 



L(°)=a + ^^ { ° ) a- 1 rf ) (17) 



L W = M'+E^^M (19) 



i=i 

be the Lax operator of the cKP hierarchy. Under the integral type gauge transformation Tj(n), the 
transformed Lax operator will be: 

LW = T I (i i )L^T I (p)- 1 = d + L^\ (18) 

771 

(i) _ „(i)«-i„W , ^„Wfl-l,(l) 
i=l 

= IT\ r« = -(T D Gu)L(°)*)Gu), (20) 

g« = T/(/i)(^ 0) ), ^) = r jr ( M )*- 1 (r < (0) ) = -ri,(M)(^ 0) ) 1 (21) 

r« = M r(°). (22) 

In order to preserve the form (|17|) of the Lax operator L(°), /i is required to coincide with one of the 
original adjoint eigenfunctions of e.g. \i = r\ , since rj 1 = in this case. Applying successive 
the integral type gauge transformations 

L (k+i) =J jk) L {k) jf) = frfn^fl-irf) (23) 



yields: 



£,(*+!) 


= ^+E^ 


,(fc)»-i r (fe) 


(fc+1) 


= w 1 




(fc+l) 
?i 


= rf (gf 


), 









(24) 

-(T D (r{ fc) )LW*)(rJ fc) ), (25) 
(rfy^rf), i = 2,3,...,m, (26) 



(27) 



Successive applications of the integral type gauge transformation will lead to, 



r , W , 1 fr (0) r7 (1) ri (n) l 

„(n) / -.Nn ^n+lj'i i '/i J 



(28) 

(0) fl) (n-1) w (0)! 



T (») = r [™- 1 ) r (™- 2 )... r W r (0) =T y n [ r/ ("- 1 ),...,^), r (0)] T (0) 5 (30) 



where r][ k) = (L^*)*^). 

Some useful identities involving the integral type gauge transformation of the fd~ 1 g-form are listed 
in the lemma below. 



Lemma 1. 



T J (r a )(M&- 1 r a )T I (T a )- 1 = -r^d' 1 {T D (r a ){Md- x r a y(r a )} , (31) 

Ti(r a ){qad~ l N)Ti(r a )~ l = -r^cT 1 {T D (r a )(q a d- 1 N)* (r a )} + L^d^N, (32) 

T^iMd-'N)^^)- 1 = -r- 1 a- 1 {T D (r a )(Ma- 1 iV)*(r a )}+Ma- 1 7V, (33) 

L k+1 {q a ) = :Z>(r a )L*(g a ), k = 0, 1, 2, (34) 

(L*) fc ~ 1 (f a ) = TKra)*- 1 ^*)^^), A; = 1,2,3.... (35) 



where r a is one of the adjoint eigen] "unctions of the cKP hierarchy A 12)) . M and N are two functions 
of t, and 

L = T I (r a )LT I {r a )-\ q a = l/r a , M = Tj(r a )(M), N = Tr^)*- 1 ^)- (36) 
Proof. Firstly, according to /<9 _1 — d~~ 1 f = d~ 1 f x d~ 1 and df — fd = f x , 

r / (r a )(Afa- 1 iv)r / (r a )- 1 = r^d-V^Md- 1 ^- 1 ^ 

= r~ 1 (a-^r.M)^- 1 - d^d-VaM)) iVr" 1 ^ 

= r-^-^^M)^ 1 ^- 1 - {Nr-%)r a - r^cT 1 [dd-\r a M)Nr^ - (d-^M)^" 1 ),) r a 

= r^d-^r^N - r^d-HraM^-^Nr- 1 )^ - r^d'^r^N + r^d^id^ir^Nr- 1 )^ 

= T I (r a )(M)d~ l T I (r a )*~ 1 (N) - r^cT 1 {T D {r a ){Md- 1 Nf {r a )} , 

where d~ 1 (fg) = f fgdx. So ([33]) is be proved. (f3Tj) can be derived from (f33|) for N = r a since 
T/^)*" 1 ^) =0. 
Then for ([MD, 

m 

= r / (r a )L fc (a + ^ ft a- 1 r J )r- 1 ar a (r- 1 ) = T / (r a )L fc ( (?a ). 

Here we set gj(9~ 1 (0) = for i ^ a, and (? a 5~ 1 (0) = g a . (f33j) and (f34"|) will lead to ([32]) . 
At last, 



TKra)*" 1 ^*)^^) =T / (r a )*- 1 (L*) fc - 1 r / (r a )*r / (r a )*- 1 L*(r a ) = (Z*)*" 1 ^). 



□ 



4. Additional symmetries of the cKP hierarchy 



The additional symmetry flows [34J for the cKP hierarchy (|12p . spanning the Virasoro algebra, are 
given by: 

d* k L = [-(ML k )_+xl 1 } v L], (37) 
where M is the Orlov-Schulman operator [21] defined in the dressing the "bare" operator: 

= = x + + fyi+i*' ( 38 ) 

J>1 1>1 

that is, 



i>i l>i 



M = WM^W' 1 = \VxW~ 1 + ^2(l + l)t l+1 L l = x + ^2(l + l)ti +1 (L l ) + + M^, (39) 

l 

dW 



M_ = WxW - x - ^^(l + l)h + i-^—W , (40) 



l>l 

with (@J) used in ((40]). Define 

4 l) =EE i- 2 (A; " 1} L *" 1 " i («) fl " x (^) i (»'i); * > (4i) 

i=l j=0 ^ ' 

which is the essential to ensure the compatibility of the additional Virasoro symmetry with the con- 
straints (|12p defining the cKP hierarchy 

Then accordingly, the actions of the additional symmetry flows on the dressing operators and BA 
functions are showed that: 



dtW 



(-(ML fc )_+X«) W; dm,X) = (-(ML fc )_ + A^) (^(t,A)). (42) 



The corresponding actions on the eigenfunctions qi and the adjoint eigenfunctions r, are derived by 
considering (c^L)_ listed as follows: 

d* kQi = (ML fe ) + (g i ) + ^L fe - 1 fe)+X« 1 ( % ), (43) 
d* k n = _(ML fc );(r J ) + ^(L*) fe - 1 (r J )-(4 1) 1 )*(r i ). (44) 

5. Additional symmetries versus the integral type gauge transformations for the 

cKP hierarchy 

In this section, we will restrict the cKP hierarchy (|12|) to m = 1 case. And thus its Lax operator is 
given by 

L = d + qd~ l r. (45) 

In order to investigate the changes of the additional symmetries under the integral type gauge 
transformation Tj(r), some useful lemmas are needed. 
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Lemma 2. 

Tj^X^Tjir)- 1 = X^ + J^L^-^d-^^ + r-'d- 1 facr)*" 1 ^ - ^L fc_1 )*(r)| , (46) 

3=0 1 J 

Proof. According to Lemma [H and (|4ip for m = 1, 
rjCr^T/Cr)- 1 

fc-2 



3=1 V 7 

-r- 1 a- 1 T D (r)(X« 1 )*(r) + £ (j - - 2)) L k ~ j ~ 2 (q)d~ 1 (L*y (r) 

3=0 V J 

fc-2 

+ Z L k ^-\q)d-\L*y{r) -(l + fc-2-~(fc — 2))gcT 1 (Z*)^ 2 (?) 
j=0 

fc-2 



3=0 



~r- 1 dr 1 T I (r)*- 1 (L*) k -\r) 

k-2 



+ E LWffid-WQr) + r- l d- 1 (^(ry-Hxi 1 }, - ^L fc_1 )*(r)| 



Lemma 3. 



r 9 dl(r)r dr — r d^(r) 
r^dr^dd&ry- 1 - {d* k {r)r- l ) x )r - r _1 ^(r) 
_ r -ig-l |r(r _1 3^r) x } 
r-^-^TKr)*- 1 ^)} 



□ 



fljT 7 (r) • T/(r) _1 = r-'d- 1 {iKr)*" 1 {-(ML k )\ + ^(L*)^ 1 - (r)} . (47) 

Proof. By 



□ 



Proposition 4. T/ie additional symmetry flows \37\j for the cKP hierarchy |^5| ) commute with the 
integral type transformations preserving the form of cKP , up to shifting of [37\) by ordinary time 



flows, that is, 



d* k L = [-(ML k )_+xi%L] + (48) 

Otk-l 



Proof. Firstly, by (J3ZD, 

dlL = df.Ti(r) ■ LT/(r) _1 + Tj(r)^L • T/(r) _1 - r/(r)LT/(r) _1 • ^T/(r) • T/ (r) _1 

= 2>(r) (-(M^)_ + Jf«) ^(r)" 1 + ^T/(r) • Tj(r) -1 3 Zj (49) 
Then with the help of (|46p . (|47p . and the following useful formula [37] 

( r -i 5 -i r p r -i 5r )_ _ r^d^rP-r^dr - r^d' 1 {r(r~\F*)+(r)) x } , (50) 



we have 



Tj(r) (-(ML fc )_ + X^) T.(r)- 1 + a£Z>(r) • ^(r)" 1 
T/(r) (-(ML fc )_) Tj(r)- 1 +r- 1 9- 1 {^(r)*- 1 (-{ML k )\ 



k-2 
3=0 

= -(ML fc )_+X« 1 + (Z fc - 1 )_, (51) 
where the following relation [38J is used, 

fc-2 

(L fc - X )_ = Y,L k - j - 2 {q)d- l V{7). (52) 

At last, the substituting ([5TJ) into (09]) gives rise to (|4"5]h □ 
Remark: when m > 1, (|48|) will not hold. In fact, when m > 1, (|46|) will become into 
^(r^X^T/^) -1 

= ^-i + E^Va)^'^) + r- 1 ^ 1 jrKr.)*- 1 ^ 1 ^ - ^L fe_1 )*(r a ) j , (53) 

where r a is one of the adjoint eigenfunctions in (|12|) , We can see that Sj=o L k ~-'~ 2 (q a )d~ 1 L : i (f^) can 
not be written as (L k ~ 1 )^ because of (]52]) . Thus from the proof of (08]), the term of dt k _ x L in (08]) 
can not be derived. 

The string-equation constraint can be derived through the lowest additional symmetry <9q, that is, 

d*L = -> [M+,L] = -1; d%r = -> M*(r) = (54) 

With the help of ([TT]) . ([39]) and (01]), the constraints on the Lax operator L and the adjoint eigenfunc- 
tion r(t) will be derived respectively. 

-£(l + l) tl+1 ^- + [x,L] = -1 (55) 
l>l 1 



^(Z + l)t I+1 A + x j r ( t ) = o (56) 

As for the string-equation constraint on the tau functions are showed in the following proposition: 

Proposition 5. The Wronskian tau functions Ii30\) of the cKP hierarchy ( f^5| ) generated by the inte- 
gral type gauge transformation, invariant under the lowest additional symmetry flow satisfy the 
constraint equation: 

^ d \ rW 

£(/ + l)tm^ + n* ^ 

1>1 1 I 



*£(l + l)t l+1 ^- + nx\ W n ^L^*y \r),(LW*y * (r),..., (l<°>*) (r),r 



n- 1 / ,„. \ n— 2 



0(57) 



Proof. Firstly, note that r( fc ) satisfy the same constraint (|56p according to Proposition [H Thus from 
(|30|) . we know that 



£>1 

n-1 



^ r (n-l)... r (n-l)... r (0) I -^(/ + l)t m A +x ] r W =0 

k=0 \ 1>1 1 



□ 



6. Conclusions and Discussions 

The interplay of the integral type gauge transformation T/ with the additional symmetry at the 
instance of cKP integrable hierarchy is showed in Proposition [4] (see (j48[> ) . which shows the intrinsic 
coordination of the cKP hierarchy, just like the compatibility |34j between the differential type gauge 
transformation and the additional symmetry. The string-equation constraints, through the lowest 
additional symmetry <9q, on the Lax operator L, the adjoint eigenfunction r(t) and the tau functions, 
are listed in (|55l) (|56l) and (|57h respectively. These results show that KP integrable hierarchy is a kind 
of integrable system with many intrinsic coordinations. 

Although this kind of compatibility between the differential type gauge transformation Tjj and the 
additional symmetry has been given in [34] . But this is not enough to study the cBKP and cCKP 
because the combination of Tr> and Tj is necessary to satisfy the reduction conditions of the BKP and 
CKP hierarchies [T7]. So our results provide a possible basis to explore the consistency of the gauge 
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transformation and the additional symmetry in the cBKP and cCKP hierarchies. This work will be 
done in a near future. 
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